We demonstrate that modulation instability gain of time-localized signals (i.e., pulsed signals) depends strongly on the third-order dispersion, contrary to the well-known case of time-extended signals (cw signals). This surprising contribution of an odd dispersion term on this four-photon-mixing process is established analytically and confirmed by numerical simulations. © 2010 Optical Society of America OCIS codes: 190.4370, 190.4410, 190.4970. Modulation instability (MI) originates from the perturbation of an intense continuous or quasicontinuous field by a weak signal that is then exponentially amplified [1] . MI process is present in many fields of physics and has been extensively studied in optical fibers, because they provide a convenient way for experimental observations. The first experimental observation of MI in optical fibers was reported in the early eighties by Tai et al. [2] . The publication of this pioneering work gave a start to extensive research efforts owing to the potential applications in telecommunication systems, e.g., pulse-train generation [3] or fiber optical parametric amplifiers (FOPAs) [4, 5] . More than twenty years later, the study of MI in optical fibers still remains an attractive research activity through the understanding of supercontinuum (SC) generation [6] and optical rogue-wave formation [7] , both physically originating from MI. From a fundamental point of view, MI results from the balance between nonlinear and linear effects experienced by an optical field during propagation. In the most usual case, the linear phase mismatch depends only on the group-velocity dispersion of the optical fiber [2, 4, 5, 8] .
Modulation instability (MI) originates from the perturbation of an intense continuous or quasicontinuous field by a weak signal that is then exponentially amplified [1] . MI process is present in many fields of physics and has been extensively studied in optical fibers, because they provide a convenient way for experimental observations. The first experimental observation of MI in optical fibers was reported in the early eighties by Tai et al. [2] . The publication of this pioneering work gave a start to extensive research efforts owing to the potential applications in telecommunication systems, e.g., pulse-train generation [3] or fiber optical parametric amplifiers (FOPAs) [4, 5] . More than twenty years later, the study of MI in optical fibers still remains an attractive research activity through the understanding of supercontinuum (SC) generation [6] and optical rogue-wave formation [7] , both physically originating from MI. From a fundamental point of view, MI results from the balance between nonlinear and linear effects experienced by an optical field during propagation. In the most usual case, the linear phase mismatch depends only on the group-velocity dispersion of the optical fiber [2, 4, 5, 8] . The contribution of other linear terms, such as the group-velocity difference between polarization modes [9] or transverse ones [10] , must be accounted for in birefringent or multimode fibers, respectively. In the anomalous dispersion regime, the broadest frequency shifts are obtained by pumping the fiber as close as possible to the zero-dispersion wavelength as in FOPAs, or in the context of SC/rogue wave generation [6, 7] , for instance. As a consequence, even higherorder dispersion terms must be included in the linear phase-mismatch relation [11] [12] [13] . This explains the MI observed in the normal dispersion region of an optical fiber [11, 12] , or the two frequencies of instabilities excited in [14] . In all these studies, the theoretical background is based on the standard linear stability analysis, which shows that the gain curve only depends on even-dispersion terms. This has been experimentally confirmed in the context of FOPAs, for instance, in which excellent agreement between theory and experiment is achieved when a cw seeds the process [5] . However, to our best knowledge, there is a lack of analytical studies when a time-localized perturbation, i.e., a weak pulse, is injected inside an optical fiber. This is surprising, since it corresponds for instance to the amplification of short pulses in FOPAs (binary signals at high bit rates), or to SC/optical rogue-wave generation in the long-pulse regime, both of which are seeded from noise [6, 7] . Here, we revisit the MI process theoretically by using a global stability analysis reformulated as an initial value problem. The main difference with the standard linear stability analysis is that the global one accounts for linear distortions effects and interactions experienced by the different spectral components of the whole spectral band of the seed pulse during propagation. It also allows calculating the gain in these general conditions. We demonstrate, for the first time to our knowledge, that the MI gain depends on the third-order dispersion, contrary to the calculations performed with cw seed signals (temporal infinite extended signals).
The dynamics of the optical field propagating in the fiber is described by the nonlinear Schrödinger equation, which takes into account the third-order dispersion term [8] ‫ץ‬E͑z,͒ ‫ץ‬z
where E͑z , ͒ is the electric field envelope of the pump in a retarded time frame = t − ␤ 1 z moving at the group velocity 1 / ␤ 1 , ␥ is the nonlinear coefficient at the pump wavelength, and ␤ 2 and ␤ 3 are the second and third-order dispersion coefficients at the pump wavelength. We assume that the impact of higherorder effects is negligible. To study the MI gain of time-localized signals, we consider the response of the system to an initial time-localized perturbation superimposed onto the stationary nonlinear cw solution of Eq. (1). For simplicity, let us take a perturbation with a Gaussian shape that is located at the maximum (labeled ⍀ c ) of the standard MI gain curve [8] . The input signal then reads as follows:
where 0 is the FWHM, ⍀ C = ͱ ␥P/͉␤ 2 ͉, with P the input power of the cw field. In the Fourier domain the perturbation also has a Gaussian shape and its evolution along the fiber is given by the following Fourier integral:
where
͒⍀ is the dispersion relation for positive frequencies ⍀. It is important to note that this approach is correct as long as the bandwidth of the perturbation wave packet is smaller than the MI bandwidth. We then use a Taylor expansion of the dispersion relation in the vicinity of ⍀ c (maximum gain). It writes as follows:
with ͉‫ץ‬K͑⍀͒ / ‫ץ‬⍀͉ ⍀=⍀ C = ␥P 0 ͑␤ 3 / ͉␤ 2 ͉͒ and
By evaluating the Fourier integral of Eq. (3) with the dispersion relation, we obtain the expression of the wave-packet evolution as a function of the fiber length z and the time ,
It encompasses the gain of the weak perturbative pulse as well as its temporal drifting and broadening. Thus the time shift max of the maximum of the pulse is given by MAX = ␥P 0 z͑␤ 3 ͒ / ͉␤ 2 ͉, and the gain of the pulse at length z defined as G͑z͒ = ͉E͑z , max ͉͒ 2 / ͉E͑z =0, =0͉͒ 2 reads as follows:
This is the most important result of this Letter. It clearly demonstrates the impact of ␤ 3 on the MI gain. Note that the impact of this time-reversal symmetry term on gain and drift is characteristic of convective systems [15, 16] . Moreover, it is worth noting that for 0 → ϱ, we find the well-known expression ͓G = 1 4 exp͑2␥P 0 z͔͒ for a cw perturbation [8] .
These analytical predictions have been compared with numerical simulations. We used realistic parameters of a highly nonlinear fiber (listed in the Fig.  1 caption) , where the typical gain curve obtained with monochromatic signals is represented in Fig.  1(a) in the solid curve. Note that this curve has been generated numerically from Eq. (1) and perfectly matches the one obtained from the standard linear stability analysis [8] . The perfect phase matching (maximum gain) is achieved for signals located at + / −1.55 THz from the pump and the corresponding gain is about 22 dB. We launched a weak pulsed signal (peak power of 2.1 nW) of 0.95 ps duration at FWHM ͑ 0 = 403 fs͒ at t ϭ 0. It is located at the maximum of the gain curve [in dashed lines in Fig. 1(a) ]. 5), and the solid ones correspond to a numerical integration of Eq. (1). The impressively good agreement between analytical and numerical results confirms the relevance of the analytical approach, although we used an approximated dispersion relation. To highlight the impact of ␤ 3 on the MI gain, the evolution of the pulse peak power gain as a function of ␤ 3 is represented in Fig. 2(a) [circles for analytical results from Eq. (6) and solid line for numerical simulations]. The signal experiences a dramatic 10 dB lowering of the gain for the highest ␤ 3 values. To get a better insight on the physical mechanisms involved in this gain lowering, we insulate the contribution of the dispersion from the amplification process. We simulated the propagation of the same input signal pulses but without any pump. The output pulses are depicted in Fig. 2(b) and correspond to the same ␤ 3 values as in Fig. 1(b) . The temporal shift and broadening with and without pump are nearly the same, the only difference being the gain values. We evaluated the ratio between the output and input peak powers of these signals, and we artificially added a constant gain value of 22 dB (gain experienced by monochromatic signals [see solid curve in Fig. 1(a)]) . The result is superimposed in Fig. 2(a) in crosses and will be labeled reconstructed gain curve. For low ␤ 3 values, the reconstructed gain is higher than the one from numerical and analytical results and tends to the maximal gain value given by monochromatic signals ͑22 dB͒. The broadening is quasi negligible in this region, and the small discrepancy (less than 1 dB) with the monochromatic case could be attributed to distortions induced by the gain curve of the amplifier that is not flat on the whole signal spectrum [see Fig. 1(a) ]. When the gain starts to decrease, from about 5 ϫ 10 −41 s 3 / m, the reconstructed gain curve (crosses) perfectly matches the MI gain one (circle or solid curves). This means that the decrease of the peak gain is mainly due to the temporal broadening induced by dispersion. In this example, the dispersion slope plays the most important role, because the broadening due to the group-velocity dispersion is negligible (the dispersion length [8] is 10 km). It is important to note that the gain in energy is equal to the monochromatic gain ͑22 dB͒, meaning that the gain lowering is only due to a modification of the signal shape.
So far the study has been performed with a given pulse duration, but as can be seen from Eq. (5), the output pulse characteristics depend on the initial pulse duration. To illustrate this, we kept the same parameters (listed in the Fig. 1 caption) and plotted the gain from Eq. (6) as a function of ␤ 3 and 0 in Fig.  3 . The case under investigation in this Letter ͑ 0 = 400 fs͒ is pointed out with a dashed curve. When the temporal broadening is negligible, i.e., for long pulses, the gain tends to the monochromatic value of 22 dB (bottom right corner in Fig. 3 ). On the contrary, the signals experiencing the most important temporal broadening are subject to very low gain (left part of Fig. 3 ). In this case, for high but realistic ␤ 3 values in the order of 10 −39 , the gain may almost reach zero (top left corner in Fig. 3 ).
To summarize, we have analytically demonstrated that the MI process depends on odd dispersion terms when pulsed signals are considered. These predictions are in excellent agreement with numerical simulations and show that the third-order dispersion leads to a dramatic reduction of the MI gain. These findings were completely unexpected with the standard linear stability analysis as its validity is limited to extended weak monochromatic signals. The global stability analysis as formulated here can be of considerable interest especially for noisy signals with finite frequency bandwidth. Finally, our work should certainly contribute to a further understanding of SC generation or optical rogue-wave formation, both of which are seeded by initial noisy conditions. Fig. 1(b) and input one in dashed curves. 
